
The Kardar-Parisi-Zhang 
equation and universality class II 

Some exactly solvable models in the KPZ universality class

More interesting mappings

Relation to random matrices

Replica approach



Recapitulation
Non-linear growth as a stochastic, off-equilibrium phenomenon

with

• Self-similarity / scale invariance

• Non-trivial critical exponents

• Universality

• Exactly solvable models: 
exact exponents AND exact scaling functions!



Recapitulation
Interesting mappings: KPZ growth equation

Burger’s equation (fluid dynamics)
<latexit sha1_base64="tPLiHv9N97ePPxKECpqr8s++BPo="></latexit>

@tv + (v ·r)v = ⌫r2v � �r⌘



Recapitulation
Interesting mappings: KPZ growth equation

Burger’s equation (fluid dynamics)

Stochastic heat equation

<latexit sha1_base64="tPLiHv9N97ePPxKECpqr8s++BPo="></latexit>

@tv + (v ·r)v = ⌫r2v � �r⌘

<latexit sha1_base64="BRJhbFCshPJ+k7A449y1m5/fuXY="></latexit>

@tZ(x, t) = ⌫@2
xZ(x, t) +

�

2⌫
Z(x, t)⌘(x, t)



Recapitulation
Interesting mappings: KPZ growth equation

Burger’s equation (fluid dynamics)

Stochastic heat equation

Directed polymer in random media

<latexit sha1_base64="tPLiHv9N97ePPxKECpqr8s++BPo="></latexit>

@tv + (v ·r)v = ⌫r2v � �r⌘

<latexit sha1_base64="BRJhbFCshPJ+k7A449y1m5/fuXY="></latexit>

@tZ(x, t) = ⌫@2
xZ(x, t) +

�

2⌫
Z(x, t)⌘(x, t)

<latexit sha1_base64="sn5VX7T+mxh5QrF31VFdqO014V0="></latexit>
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Recapitulation
Scaling of directed polymers in 1+1 dimension

Both reflect the dominance of disorder!

<latexit sha1_base64="IEDARsthJFokiEdSLHUkMSxfaLo="></latexit>

�F ⇠ `✓=1/3

<latexit sha1_base64="C0uGZ+T8CiwOQHx+ze1o7dTlCM8="></latexit>

x ⇠ `⇣=2/3

Free energy fluctuations

Lateral displacements: “roughness”

Statistical tilt symmetry:

ℓ

<latexit sha1_base64="BdtIpsWJRTTMt/d0OYvldHihgT0=">AAAB/HicdZDLSgMxFIYzXut4q3WpSLAU3FhmitR2IRTduGzBXqAtJZOmbWjmQnJGrEPd+RquBAVxK30PVz6DL2GmVVDRA4GP/z+Hc/I7geAKLOvNmJtfWFxaTqyYq2vrG5vJrVRN+aGkrEp94cuGQxQT3GNV4CBYI5CMuI5gdWd4Fvv1SyYV970LGAWs7ZK+x3ucEtBSJ5lqwYABwSc417qO4dDuJNNW1tKVz+MY7IJlaygWC7lcEdtTy7LSpd1J5f12b1LuJF9bXZ+GLvOACqJU07YCaEdEAqeCjc1MK1QsIHRI+qyp0SMuU+1oevwYZ7TSxT1f6ucBnqrmt4mIuEqNXEd3ugQG6rcXi395zRB6hXbEvSAE5tHZol4oMPg4TgJ3uWQUxEgDoZLrYzEdEEko6LxMncLXV/H/UMtl7Xz2qKLjOEWzSqAdtI8OkI2OUQmdozKqIoqu0B16QI/GjXFvPBnPs9Y543NmG/0o4+UDpM+XJg==</latexit>

✓ = 2⇣ � 1



Recapitulation

Notable aspects:
1. Rougher than a random walk. 

Disorder dominates entropy! 

2. Free energy fluctuates less than a random sum!  

<latexit sha1_base64="GjEFDT8+h/IaNM4SweN1svYhaz4=">AAAB8nicdVBdSwJBFJ21L9u+rB57GRQhCGx3CdOXkHrp0SA/SEVmx1EHZ2eXmbvBJv4Ln4KC6LV/05P/plELKurAhcM593LvPX4kuAbHmVmpldW19Y30pr21vbO7l9k/qOswVpTVaChC1fSJZoJLVgMOgjUjxUjgC9bwR1dzv3HPlOahvIUkYp2ADCTvc0rASHftBwbkArunXjeTcwqOQbGI58QtOa4h5XLJ88rYXViOk6tk2yfTWSWpdjPv7V5I44BJoIJo3XKdCDpjooBTwSZ2vh1rFhE6IgPWMlSSgOnOeHHyBOeN0sP9UJmSgBeq/W1iTAKtk8A3nQGBof7tzcW/vFYM/VJnzGUUA5N0uagfCwwhnv+Pe1wxCiIxhFDFzbGYDokiFExKtknh61X8P6l7BbdYOLsxcVyiJdLoCGXRMXLROaqga1RFNUSRRFP0hJ4tsB6tF+t12ZqyPmcO0Q9Ybx/5N5Na</latexit>

⇣ > 1/2
<latexit sha1_base64="5evX4NCX6L8oDzkQi8JQBBtORGQ=">AAAB9HicdVDLSgNBEJz1GeMr6tHLkBAQhDi7SEzAQ9CLxwjmAdkQZieTZMjsg5newLLkL8SToCBe/RlP+RsniYKKFjQUVd10d3mRFBoImVkrq2vrG5uZrez2zu7efu7gsKnDWDHeYKEMVdujmksR8AYIkLwdKU59T/KWN76e+60JV1qEwR0kEe/6dBiIgWAUjOS6MOJA8SW2z5xerkBKxKBcxnNiV4htSLVacZwqthcWIYVa3j29n9WSei/37vZDFvs8ACap1h2bRNBNqQLBJJ9mi26seUTZmA55x9CA+lx308XRU1w0Sh8PQmUqALxQs98mUuprnfie6fQpjPRvby7+5XViGFS6qQiiGHjAlosGscQQ4nkCuC8UZyATQyhTwhyL2YgqysDklDUpfL2K/ydNp2SXS+e3Jo4rtEQGHaM8OkE2ukA1dIPqqIEYitADekLP1sR6tF6s12XrivU5c4R+wHr7AAyvk+4=</latexit>

✓ < 1/2

<latexit sha1_base64="IEDARsthJFokiEdSLHUkMSxfaLo="></latexit>

�F ⇠ `✓=1/3

<latexit sha1_base64="C0uGZ+T8CiwOQHx+ze1o7dTlCM8="></latexit>

x ⇠ `⇣=2/3

Free energy fluctuations

Lateral displacements: “roughness”

Statistical tilt symmetry:

ℓ

<latexit sha1_base64="BdtIpsWJRTTMt/d0OYvldHihgT0=">AAAB/HicdZDLSgMxFIYzXut4q3WpSLAU3FhmitR2IRTduGzBXqAtJZOmbWjmQnJGrEPd+RquBAVxK30PVz6DL2GmVVDRA4GP/z+Hc/I7geAKLOvNmJtfWFxaTqyYq2vrG5vJrVRN+aGkrEp94cuGQxQT3GNV4CBYI5CMuI5gdWd4Fvv1SyYV970LGAWs7ZK+x3ucEtBSJ5lqwYABwSc417qO4dDuJNNW1tKVz+MY7IJlaygWC7lcEdtTy7LSpd1J5f12b1LuJF9bXZ+GLvOACqJU07YCaEdEAqeCjc1MK1QsIHRI+qyp0SMuU+1oevwYZ7TSxT1f6ucBnqrmt4mIuEqNXEd3ugQG6rcXi395zRB6hXbEvSAE5tHZol4oMPg4TgJ3uWQUxEgDoZLrYzEdEEko6LxMncLXV/H/UMtl7Xz2qKLjOEWzSqAdtI8OkI2OUQmdozKqIoqu0B16QI/GjXFvPBnPs9Y543NmG/0o4+UDpM+XJg==</latexit>

✓ = 2⇣ � 1

Scaling of directed polymers in 1+1 dimension



Exactly solvable models and a few 
more interesting mappings



Polynuclear growth model
Discrete height : 

Continuum in space x and time t

<latexit sha1_base64="5fnGrLiXDqh8+pj8dLru6MjVm+w=">AAAB8nicdZDLSgMxFIYz9VbHW9Wlm2ApuCqZIrVdWXTjSirYC3aGkkkzbWgmMyQZoQx9C1eCgrj1bVz5KO7MTBVU9IfAx/+fQ845fsyZ0gi9WYWl5ZXVteK6vbG5tb1T2t3rqiiRhHZIxCPZ97GinAna0Uxz2o8lxaHPac+fnmd575ZKxSJxrWcx9UI8FixgBGtj3UxcJqDrB/ByWCqjKjKq12EGTgM5BprNRq3WhE4eIVQ+fQ9ytYelV3cUkSSkQhOOlRo4KNZeiqVmhNO5XXETRWNMpnhMBwYFDqny0nzkOawYZwSDSJonNMxd+1tHikOlZqFvKkOsJ+p3lpl/ZYNEBw0vZSJONBVk8VGQcKgjmO0PR0xSovnMACaSmWEhmWCJiTZXss0VvlaF/0O3VnXq1eMrVG6dgYWK4AAcgiPggBPQAhegDTqAAAHuwAN4tLR1bz1Zz4vSgvXZsw9+yHr5AC9TlDQ=</latexit>

h 2 N

<latexit sha1_base64="kjuOTB+KSzAb+L49g4tPnRuEg0w=">AAAB9XicdVDLSgMxFM34rOOr6lKRYCm4kJIpUttd0Y3LFuwDOkPJZNI2NPMwyahl6NJvcCUoiFu3/Q9XfoM/YaZVUNEDFw7n3Mu997gRZ1Ih9GbMzS8sLi1nVszVtfWNzezWdlOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23OFZ6reuqJAsDC7UKKKOj/sB6zGClZYcWwxCaB9B7wZ6qpvNoQLSKJVgSqwysjSpVMrFYgVaUwuhXHVvUn+/3Z/UutlX2wtJ7NNAEY6l7FgoUk6ChWKE07GZt2NJI0yGuE87mgbYp9JJplePYV4rHuyFQleg4FQ1v00k2Jdy5Lu608dqIH97qfiX14lVr+wkLIhiRQMyW9SLOVQhTCOAHhOUKD7SBBPB9LGQDLDAROmgTJ3C16vwf9IsFqxS4biu4zgFM2TALjgAh8ACJ6AKzkENNAABl+AOPIBH49q4N56M51nrnPE5swN+wHj5ACymlVU=</latexit>

⇢ dxdt
<latexit sha1_base64="R0Xx3I/RpS/4xs8Aag66NvIaL3Y="></latexit>

h(xn, tn) ! h(xn, tn) + 1

1. Random nucleation events (xn,tn), 
with density

2. Nuclei spread with speed v = 1 to 
both sides

<latexit sha1_base64="hlX5h60bhjLZcdsokG/4sMU3Q3U=">AAAB8nicdVDLSsNAFJ3UV42vqks3Q0uhIpSkSG0XQtGNywr2gU0ok+mkHTqZhJmJEEL/oitBQdz6N676N05aBRU9cOFwzr3ce48XMSqVZS2M3Nr6xuZWftvc2d3bPygcHnVlGAtMOjhkoeh7SBJGOekoqhjpR4KgwGOk502vM7/3QISkIb9TSUTcAI059SlGSkv3FUdMQngJ7dNhoWRVLY16HWbEbli2Js1mo1ZrQntpWVapVXTO5otW0h4W3p1RiOOAcIUZknJgW5FyUyQUxYzMzLITSxIhPEVjMtCUo4BIN12ePINlrYygHwpdXMGlan6bSFEgZRJ4ujNAaiJ/e5n4lzeIld9wU8qjWBGOV4v8mEEVwux/OKKCYMUSTRAWVB8L8QQJhJVOydQpfL0K/yfdWtWuV89vdRxXYIU8OAFFUAE2uAAtcAPaoAMw4GAOnsCzoYxH48V4XbXmjM+ZY/ADxtsHar+S/g==</latexit>

(⇢ = 1)

3. Plateaux merge on meeting



Polynuclear growth model
“Circular model”   

Nucleation only in the regime
<latexit sha1_base64="4FreVjkwVYBIWZ6GuJDLVPwtrfU=">AAAB8nicdVBdSwJBFJ3t07Yvq8deBkUIAtmVMH2TeunRID/IFZkdRx2cnd1m7kai/gufgoLotX/Tk/+mWS2oqAMXDufcy733+JHgGhxnbq2srq1vbKa27O2d3b399MFhXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vEz8xj1TmofyBkYRawekL3mPUwJGup08TLAn2B2GTjrr5B2DYhEnxC05riHlcqlQKGN3YTlOtpLxTmfzyqjaSb973ZDGAZNABdG65ToRtMdEAaeCTe2cF2sWETokfdYyVJKA6fZ4cfIU54zSxb1QmZKAF6r9bWJMAq1HgW86AwID/dtLxL+8Vgy9UnvMZRQDk3S5qBcLDCFO/sddrhgFMTKEUMXNsZgOiCIUTEq2SeHrVfw/qRfybjF/dm3iuEBLpNAxyqAT5KJzVEFXqIpqiCKJZugJPVtgPVov1uuydcX6nDlCP2C9fQAht5Qc</latexit>

|x|  t

Height profile

# of nuclei Nnuc = 
Poiss(t2/2)

h(0,t) = #height steps
= maximal number of 
nuclei on forward 
pointing “world line”

Like DPRM with point 
defects!

<latexit sha1_base64="MrA8alFwOAVTgOhHqLLnMqHnzXU="></latexit>

hh(x, t)i =
p
2(t2 � x2)



Polynuclear growth model
“Circular model”   

Nucleation only in the regime
<latexit sha1_base64="4FreVjkwVYBIWZ6GuJDLVPwtrfU=">AAAB8nicdVBdSwJBFJ3t07Yvq8deBkUIAtmVMH2TeunRID/IFZkdRx2cnd1m7kai/gufgoLotX/Tk/+mWS2oqAMXDufcy733+JHgGhxnbq2srq1vbKa27O2d3b399MFhXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vEz8xj1TmofyBkYRawekL3mPUwJGup08TLAn2B2GTjrr5B2DYhEnxC05riHlcqlQKGN3YTlOtpLxTmfzyqjaSb973ZDGAZNABdG65ToRtMdEAaeCTe2cF2sWETokfdYyVJKA6fZ4cfIU54zSxb1QmZKAF6r9bWJMAq1HgW86AwID/dtLxL+8Vgy9UnvMZRQDk3S5qBcLDCFO/sddrhgFMTKEUMXNsZgOiCIUTEq2SeHrVfw/qRfybjF/dm3iuEBLpNAxyqAT5KJzVEFXqIpqiCKJZugJPVtgPVov1uuydcX6nDlCP2C9fQAht5Qc</latexit>

|x|  t

Height profile

# of nuclei Nnuc = 
Poiss(t2/2)

h(0,t) = #height steps
= maximal number of 
nuclei on forward 
pointing “world line”

Like DPRM with point 
defects!

Nuclei define a random 
permutation!

Ulam’s problem:

Maximal increasing 
subsequence of the 
permutation?

Maximizing world line 
↔ length of maximal 
increasing 
subsequence 
= h(0,t)!

<latexit sha1_base64="MrA8alFwOAVTgOhHqLLnMqHnzXU="></latexit>

hh(x, t)i =
p
2(t2 � x2)



Polynuclear growth model
“Circular model”   

Nucleation only in the regime 
<latexit sha1_base64="4FreVjkwVYBIWZ6GuJDLVPwtrfU=">AAAB8nicdVBdSwJBFJ3t07Yvq8deBkUIAtmVMH2TeunRID/IFZkdRx2cnd1m7kai/gufgoLotX/Tk/+mWS2oqAMXDufcy733+JHgGhxnbq2srq1vbKa27O2d3b399MFhXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vEz8xj1TmofyBkYRawekL3mPUwJGup08TLAn2B2GTjrr5B2DYhEnxC05riHlcqlQKGN3YTlOtpLxTmfzyqjaSb973ZDGAZNABdG65ToRtMdEAaeCTe2cF2sWETokfdYyVJKA6fZ4cfIU54zSxb1QmZKAF6r9bWJMAq1HgW86AwID/dtLxL+8Vgy9UnvMZRQDk3S5qBcLDCFO/sddrhgFMTKEUMXNsZgOiCIUTEq2SeHrVfw/qRfybjF/dm3iuEBLpNAxyqAT5KJzVEFXqIpqiCKJZugJPVtgPVov1uuydcX6nDlCP2C9fQAht5Qc</latexit>

|x|  t

Height profile

# of nuclei Nnuc = 
Poiss(t2/2)

h(0,t) = #height steps
= maximal number of 
nuclei on forward 
pointing “world line”

Like DPRM with point 
defects!

<latexit sha1_base64="MrA8alFwOAVTgOhHqLLnMqHnzXU="></latexit>

hh(x, t)i =
p
2(t2 � x2)

Exact solution via combinatorics! 
(Baik, Deift Johansson ‘99)

Height fluctuations/length of 
maximal increasing subsequence 
are distributed according to 
Tracy-Widom distribution, 
like 𝜆"#$ of random (Gaussian 
unitary GUE) matrix!   WHY??

<latexit sha1_base64="AqmwNyBPkIVitgcnXvwhpY78ELc="></latexit>

h(0, t) =
p
2t+ (t/

p
2)1/3�TW,2



Polynuclear growth model
“Flat model”: no restriction on x

Height profile Note: Only 
nucleations in 
backward light cone
of (x,t) influence h(x,t)

Path maximizing number of nuclei may start at any x at t=0 
(line-to-point).  



Polynuclear growth model
“Flat model”: no restriction on x

Height profile

Path maximizing number of nuclei may start at any x at t=0 
(line-to-point).  Point-to-point from time-reversed mirror image!



Polynuclear growth model
“Flat model”: no restriction on x

Height profile

Path maximizing number of nuclei may start at any x at t=0 
(line-to-point).  Point-to-point from time-reversed mirror image!

distributed like
<latexit sha1_base64="Ifz2aHE/87eK0A1A+yKMsHTKnxA=">AAAB9nicdVBNS0JBFJ1nX/b6slq2GRTBKGSehOlOatPSIDVQk3njqIPzPpi5L3qI/6JFq6Ag2vZfWvlvmqcFFXXgwuGce7n3HjeUQgMhMyu1tLyyupZetzc2t7Z3Mrt7TR1EivEGC2Sgrl2quRQ+b4AAya9DxannSt5yx+eJ37rlSovAv4I45F2PDn0xEIyCkW46fS6B4lGBHMMh7mVypEgMymWcEKdCHEOq1UqpVMXO3CIkV8t2ju5ntbjey7x3+gGLPO4Dk1TrtkNC6E6oAsEkn9r5TqR5SNmYDnnbUJ96XHcn87OnOG+UPh4EypQPeK7a3yYm1NM69lzT6VEY6d9eIv7ltSMYVLoT4YcRcJ8tFg0iiSHASQa4LxRnIGNDKFPCHIvZiCrKwCRlmxS+XsX/k2ap6JSLJ5cmjjO0QBodoCwqIAedohq6QHXUQAwp9ICe0LN1Zz1aL9brojVlfc7sox+w3j4AaNaUsQ==</latexit>

�h(0, t)
𝜆"#$ of TRS matrix (GOE)!



Tracy-Widom distribution
Stretched exponential decays, asymmetric!  

Negative height 
fluctuations are much 
more unlikely than 
positive ones!
(as it requires 
“compression” of the 
height profile)

<latexit sha1_base64="AqmwNyBPkIVitgcnXvwhpY78ELc="></latexit>

h(0, t) =
p
2t+ (t/

p
2)1/3�TW,2(GUE)Circular model:

Flat surface: (GOE)



Exactly solvable growth model

what about transport/hydrodynamics?



Exactly solvable non-linear transport 
processes

A model in the spirit of Burgers equation (fluid 
dynamics)

But:  discrete in space, with an exact solution



Totally asymmetric exclusion process 

Hardcore particles
jump to right at rate r = 1 if 
place is empty

Initially, e.g.:

r = 1



Totally asymmetric exclusion process 

Hardcore particles
jump to right at rate r = 1 if 
place is empty

Initially, e.g.:

Relation to growth models:

h(0,t) =  # of particles that have passed 0 until time t (integrated current). 

r = 1



Totally asymmetric exclusion process 

Map to a directed polymer:

Define 

r = 1

<latexit sha1_base64="pIVwH1RNmbHceBseEez/wBVFKx4="></latexit>

ti,j := time, when particle i makes jump j

123 Particle No.

<latexit sha1_base64="+nkpFmdP9ejgpTx9MW0tYsZRao8="></latexit>

⌧i;j := time for particle i to make jump j once the next site is free
<latexit sha1_base64="+ywPcxdwixCLvLJM0Hez87b66Uo="></latexit>

p(⌧i;j) = e�⌧i;j

Two conditions for jump: i) particle i-1 has jumped j times; ii) particle i has jumped j-1 times 

Random variable:

<latexit sha1_base64="6SqP5rmu2QrEzi43QT6TNqEVogY="></latexit>

ti,j = max(ti,j�1, ti�1,j) + ⌧i;j



Totally asymmetric exclusion process 

Map to a directed polymer:

r = 1

123 Particle No.

<latexit sha1_base64="6SqP5rmu2QrEzi43QT6TNqEVogY="></latexit>

ti,j = max(ti,j�1, ti�1,j) + ⌧i;j

<latexit sha1_base64="1gZlpGntbceFLG9a5sl0MUxsacg=">AAAB8nicdVDLSgNBEJz1GRMfUY9eBmPAU9gNEhO8BL14jGAemCxhdjJJhszOLjO9gbDkLzwJCuLVsz/gJ3jyQ/TsbKKgogUNRVU33V1eKLgG2361FhaXlldWU2vpzPrG5lZ2e6ehg0hRVqeBCFTLI5oJLlkdOAjWChUjvidY0xudJX5zzJTmgbyESchcnwwk73NKwEhXHSBRN3ZOnGk3m7MLtkGphBPilG3HkEqlXCxWsDOzbDtXPXh7eh5n3mvd7EunF9DIZxKoIFq3HTsENyYKOBVsms53Is1CQkdkwNqGSuIz7cazk6c4b5Qe7gfKlAQ8U9PfJmLiaz3xPdPpExjq314i/uW1I+iX3ZjLMAIm6XxRPxIYApz8j3tcMQpiYgihiptjMR0SRSiYlNImha9X8f+kUSw4pcLRhYnjFM2RQntoHx0iBx2jKjpHNVRHFEl0jW7RnQXWjXVvPcxbF6zPmV30A9bjB4yWlS4=</latexit>⌧1;1
<latexit sha1_base64="ZqAhShr3UhlyU+tGZ9lWy6EZXQY=">AAAB8nicdVDLSgNBEJz1GTc+oh69DMaAp7AbJCZ4CXrxGME8MAlhdjKbDJmdXWZ6A2HJX3gSFMSrZ3/AT/Dkh+jZSaKgogUNRVU33V1eJLgGx3m1FhaXlldWU2t2en1jcyuzvVPXYawoq9FQhKrpEc0El6wGHARrRoqRwBOs4Q3Ppn5jxJTmobyEccQ6AelL7nNKwEhXbSBxNymcuJNuJuvkHYNiEU+JW3JcQ8rlUqFQxu7Mcpxs5eDt6XmUfq92My/tXkjjgEmggmjdcp0IOglRwKlgEzvXjjWLCB2SPmsZKknAdCeZnTzBOaP0sB8qUxLwTLW/TSQk0HoceKYzIDDQv72p+JfXisEvdRIuoxiYpPNFfiwwhHj6P+5xxSiIsSGEKm6OxXRAFKFgUrJNCl+v4v9JvZB3i/mjCxPHKZojhfbQPjpELjpGFXSOqqiGKJLoGt2iOwusG+veepi3LlifM7voB6zHD44elS8=</latexit>⌧2;1

<latexit sha1_base64="lHKTuW5gT6i3fBaC977kmlQXzh8=">AAAB8nicdVDLSgNBEJyNr7jxEfXoZTAGPIXdKDHBS9CLxwjmgUkIs5NJMmR2dpnpDYQlf+FJUBCvnv0BP8GTH6JnJ4mCihY0FFXddHd5oeAaHOfVSiwsLi2vJFft1Nr6xmZ6a7umg0hRVqWBCFTDI5oJLlkVOAjWCBUjvidY3RueTf36iCnNA3kJ45C1fdKXvMcpASNdtYBEnfjwxJ100hkn5xgUCnhK3KLjGlIqFfP5EnZnluNkyvtvT8+j1Hulk35pdQMa+UwCFUTrpuuE0I6JAk4Fm9jZVqRZSOiQ9FnTUEl8ptvx7OQJzhqli3uBMiUBz1T720RMfK3Hvmc6fQID/dubin95zQh6xXbMZRgBk3S+qBcJDAGe/o+7XDEKYmwIoYqbYzEdEEUomJRsk8LXq/h/Usvn3ELu6MLEcYrmSKJdtIcOkIuOURmdowqqIookuka36M4C68a6tx7mrQnrc2YH/YD1+AGPppUw</latexit>⌧3;1

<latexit sha1_base64="hPk7PuUryJ6T0YtL1mDV8k9TubM=">AAAB8nicdVDLSgNBEJz1GTc+oh69DMaAp7AbJCZ4CXrxGME8MAlhdjKbDJmdXWZ6A2HJX3gSFMSrZ3/AT/Dkh+jZSaKgogUNRVU33V1eJLgGx3m1FhaXlldWU2t2en1jcyuzvVPXYawoq9FQhKrpEc0El6wGHARrRoqRwBOs4Q3Ppn5jxJTmobyEccQ6AelL7nNKwEhXbSBxN3FPCpNuJuvkHYNiEU+JW3JcQ8rlUqFQxu7Mcpxs5eDt6XmUfq92My/tXkjjgEmggmjdcp0IOglRwKlgEzvXjjWLCB2SPmsZKknAdCeZnTzBOaP0sB8qUxLwTLW/TSQk0HoceKYzIDDQv72p+JfXisEvdRIuoxiYpPNFfiwwhHj6P+5xxSiIsSGEKm6OxXRAFKFgUrJNCl+v4v9JvZB3i/mjCxPHKZojhfbQPjpELjpGFXSOqqiGKJLoGt2iOwusG+veepi3LlifM7voB6zHD44clS8=</latexit>⌧1;2

<latexit sha1_base64="xZpgPZMxFU5JhaTzr+wS/YoWxDI=">AAAB8nicdVDLSgNBEJz1GRMfUY9eBmPAU9hNJCZ4CXrxGME8MAlhdjJJhszOLjO9gbDkLzwJCuLVsz/gJ3jyQ/TsbKKgogUNRVU33V1uILgG2361FhaXlldWE2vJ1PrG5lZ6e6eu/VBRVqO+8FXTJZoJLlkNOAjWDBQjnitYwx2dxX5jzJTmvryEScA6HhlI3ueUgJGu2kDCblQ4KUy76Yydsw2KRRwTp2Q7hpTLpXy+jJ2ZZduZysHb0/M49V7tpl/aPZ+GHpNABdG65dgBdCKigFPBpslsO9QsIHREBqxlqCQe051odvIUZ43Sw31fmZKAZ2ry20REPK0nnms6PQJD/duLxb+8Vgj9UifiMgiBSTpf1A8FBh/H/+MeV4yCmBhCqOLmWEyHRBEKJqWkSeHrVfw/qedzTjF3dGHiOEVzJNAe2keHyEHHqILOURXVEEUSXaNbdGeBdWPdWw/z1gXrc2YX/YD1+AGSspUy</latexit>⌧3;3



Totally asymmetric exclusion process 

Map to a directed polymer:

r = 1

123 Particle No.

<latexit sha1_base64="6SqP5rmu2QrEzi43QT6TNqEVogY="></latexit>

ti,j = max(ti,j�1, ti�1,j) + ⌧i;j

𝑇% ≡ 𝑡%,% = max
'(). +#,-. +

*
((;1)∈+

𝜏(;1

<latexit sha1_base64="1gZlpGntbceFLG9a5sl0MUxsacg=">AAAB8nicdVDLSgNBEJz1GRMfUY9eBmPAU9gNEhO8BL14jGAemCxhdjJJhszOLjO9gbDkLzwJCuLVsz/gJ3jyQ/TsbKKgogUNRVU33V1eKLgG2361FhaXlldWU2vpzPrG5lZ2e6ehg0hRVqeBCFTLI5oJLlkdOAjWChUjvidY0xudJX5zzJTmgbyESchcnwwk73NKwEhXHSBRN3ZOnGk3m7MLtkGphBPilG3HkEqlXCxWsDOzbDtXPXh7eh5n3mvd7EunF9DIZxKoIFq3HTsENyYKOBVsms53Is1CQkdkwNqGSuIz7cazk6c4b5Qe7gfKlAQ8U9PfJmLiaz3xPdPpExjq314i/uW1I+iX3ZjLMAIm6XxRPxIYApz8j3tcMQpiYgihiptjMR0SRSiYlNImha9X8f+kUSw4pcLRhYnjFM2RQntoHx0iBx2jKjpHNVRHFEl0jW7RnQXWjXVvPcxbF6zPmV30A9bjB4yWlS4=</latexit>⌧1;1
<latexit sha1_base64="ZqAhShr3UhlyU+tGZ9lWy6EZXQY=">AAAB8nicdVDLSgNBEJz1GTc+oh69DMaAp7AbJCZ4CXrxGME8MAlhdjKbDJmdXWZ6A2HJX3gSFMSrZ3/AT/Dkh+jZSaKgogUNRVU33V1eJLgGx3m1FhaXlldWU2t2en1jcyuzvVPXYawoq9FQhKrpEc0El6wGHARrRoqRwBOs4Q3Ppn5jxJTmobyEccQ6AelL7nNKwEhXbSBxNymcuJNuJuvkHYNiEU+JW3JcQ8rlUqFQxu7Mcpxs5eDt6XmUfq92My/tXkjjgEmggmjdcp0IOglRwKlgEzvXjjWLCB2SPmsZKknAdCeZnTzBOaP0sB8qUxLwTLW/TSQk0HoceKYzIDDQv72p+JfXisEvdRIuoxiYpPNFfiwwhHj6P+5xxSiIsSGEKm6OxXRAFKFgUrJNCl+v4v9JvZB3i/mjCxPHKZojhfbQPjpELjpGFXSOqqiGKJLoGt2iOwusG+veepi3LlifM7voB6zHD44elS8=</latexit>⌧2;1

<latexit sha1_base64="lHKTuW5gT6i3fBaC977kmlQXzh8=">AAAB8nicdVDLSgNBEJyNr7jxEfXoZTAGPIXdKDHBS9CLxwjmgUkIs5NJMmR2dpnpDYQlf+FJUBCvnv0BP8GTH6JnJ4mCihY0FFXddHd5oeAaHOfVSiwsLi2vJFft1Nr6xmZ6a7umg0hRVqWBCFTDI5oJLlkVOAjWCBUjvidY3RueTf36iCnNA3kJ45C1fdKXvMcpASNdtYBEnfjwxJ100hkn5xgUCnhK3KLjGlIqFfP5EnZnluNkyvtvT8+j1Hulk35pdQMa+UwCFUTrpuuE0I6JAk4Fm9jZVqRZSOiQ9FnTUEl8ptvx7OQJzhqli3uBMiUBz1T720RMfK3Hvmc6fQID/dubin95zQh6xXbMZRgBk3S+qBcJDAGe/o+7XDEKYmwIoYqbYzEdEEUomJRsk8LXq/h/Usvn3ELu6MLEcYrmSKJdtIcOkIuOURmdowqqIookuka36M4C68a6tx7mrQnrc2YH/YD1+AGPppUw</latexit>⌧3;1

<latexit sha1_base64="hPk7PuUryJ6T0YtL1mDV8k9TubM=">AAAB8nicdVDLSgNBEJz1GTc+oh69DMaAp7AbJCZ4CXrxGME8MAlhdjKbDJmdXWZ6A2HJX3gSFMSrZ3/AT/Dkh+jZSaKgogUNRVU33V1eJLgGx3m1FhaXlldWU2t2en1jcyuzvVPXYawoq9FQhKrpEc0El6wGHARrRoqRwBOs4Q3Ppn5jxJTmobyEccQ6AelL7nNKwEhXbSBxN3FPCpNuJuvkHYNiEU+JW3JcQ8rlUqFQxu7Mcpxs5eDt6XmUfq92My/tXkjjgEmggmjdcp0IOglRwKlgEzvXjjWLCB2SPmsZKknAdCeZnTzBOaP0sB8qUxLwTLW/TSQk0HoceKYzIDDQv72p+JfXisEvdRIuoxiYpPNFfiwwhHj6P+5xxSiIsSGEKm6OxXRAFKFgUrJNCl+v4v9JvZB3i/mjCxPHKZojhfbQPjpELjpGFXSOqqiGKJLoGt2iOwusG+veepi3LlifM7voB6zHD44clS8=</latexit>⌧1;2

<latexit sha1_base64="xZpgPZMxFU5JhaTzr+wS/YoWxDI=">AAAB8nicdVDLSgNBEJz1GRMfUY9eBmPAU9hNJCZ4CXrxGME8MAlhdjJJhszOLjO9gbDkLzwJCuLVsz/gJ3jyQ/TsbKKgogUNRVU33V1uILgG2361FhaXlldWE2vJ1PrG5lZ6e6eu/VBRVqO+8FXTJZoJLlkNOAjWDBQjnitYwx2dxX5jzJTmvryEScA6HhlI3ueUgJGu2kDCblQ4KUy76Yydsw2KRRwTp2Q7hpTLpXy+jJ2ZZduZysHb0/M49V7tpl/aPZ+GHpNABdG65dgBdCKigFPBpslsO9QsIHREBqxlqCQe051odvIUZ43Sw31fmZKAZ2ry20REPK0nnms6PQJD/duLxb+8Vgj9UifiMgiBSTpf1A8FBh/H/+MeV4yCmBhCqOLmWEyHRBEKJqWkSeHrVfw/qedzTjF3dGHiOEVzJNAe2keHyEHHqILOURXVEEUSXaNbdGeBdWPdWw/z1gXrc2YX/YD1+AGSspUy</latexit>⌧3;3

Time TN when the N’th particle has crossed 0:

↔ minimizing the random “energy” (−∑ 𝜏) ! 
Special exactly solvable DPRM problem on a lattice!



Totally asymmetric exclusion process 
Exact solution by Johansson (2010)

N(t) : = total current through 0 until time t  = h(0,t) in growth picture



Totally asymmetric exclusion process 
Exact solution by Johansson (2010)

Amazingly similar to distribution for largest eigenvalue of a GUE random matrix (cf later lectures): 

<latexit sha1_base64="qW7byZCURmIPiwhBGee5dcKm5w0=">AAAB8XicdVDLSgMxFM34rOOr6lKRYCm4KplBarsQim5ctmAf0g4lk6ZtaCYzJBmhDF36Ba4EBXHrD/Q/XPkN/oSZVkFFD1w4nHMv997jR5wpjdCbtbC4tLyymlmz1zc2t7azO7sNFcaS0DoJeShbPlaUM0HrmmlOW5GkOPA5bfqji9Rv3lCpWCiu9DiiXoAHgvUZwdpI1x2fagzPXLubzaECMigWYUqcEnIMKZdLrluGzsxCKFc5mNbebw+n1W72tdMLSRxQoQnHSrUdFGkvwVIzwunEzndiRSNMRnhA24YKHFDlJbOLJzBvlB7sh9KU0HCm2t8mEhwoNQ580xlgPVS/vVT8y2vHul/yEiaiWFNB5ov6MYc6hOn7sMckJZqPDcFEMnMsJEMsMdEmpDSFr1fh/6ThFpxi4aRm4jgHc2TAPjgCx8ABp6ACLkEV1AEBAbgDD+DRUta99WQ9z1sXrM+ZPfAD1ssH+uWTfQ==</latexit>

� = 2

N(t) : = total current through 0 until time t  = h(0,t) in growth picture



Totally asymmetric exclusion process 
Exact solution by Johansson (2010)

Amazingly similar to distribution for largest eigenvalue of a GUE random matrix (cf later lectures): 

<latexit sha1_base64="qW7byZCURmIPiwhBGee5dcKm5w0=">AAAB8XicdVDLSgMxFM34rOOr6lKRYCm4KplBarsQim5ctmAf0g4lk6ZtaCYzJBmhDF36Ba4EBXHrD/Q/XPkN/oSZVkFFD1w4nHMv997jR5wpjdCbtbC4tLyymlmz1zc2t7azO7sNFcaS0DoJeShbPlaUM0HrmmlOW5GkOPA5bfqji9Rv3lCpWCiu9DiiXoAHgvUZwdpI1x2fagzPXLubzaECMigWYUqcEnIMKZdLrluGzsxCKFc5mNbebw+n1W72tdMLSRxQoQnHSrUdFGkvwVIzwunEzndiRSNMRnhA24YKHFDlJbOLJzBvlB7sh9KU0HCm2t8mEhwoNQ580xlgPVS/vVT8y2vHul/yEiaiWFNB5ov6MYc6hOn7sMckJZqPDcFEMnMsJEMsMdEmpDSFr1fh/6ThFpxi4aRm4jgHc2TAPjgCx8ABp6ACLkEV1AEBAbgDD+DRUta99WQ9z1sXrM+ZPfAD1ssH+uWTfQ==</latexit>

� = 2

N(t) : = total current through 0 until time t  = h(0,t) in growth picture Difference turns 
out irrelevant



Totally asymmetric exclusion process 
Exact solution by Johansson (2010)

Amazingly similar to distribution for largest eigenvalue of a GUE random matrix (cf later lectures): 

<latexit sha1_base64="qW7byZCURmIPiwhBGee5dcKm5w0=">AAAB8XicdVDLSgMxFM34rOOr6lKRYCm4KplBarsQim5ctmAf0g4lk6ZtaCYzJBmhDF36Ba4EBXHrD/Q/XPkN/oSZVkFFD1w4nHMv997jR5wpjdCbtbC4tLyymlmz1zc2t7azO7sNFcaS0DoJeShbPlaUM0HrmmlOW5GkOPA5bfqji9Rv3lCpWCiu9DiiXoAHgvUZwdpI1x2fagzPXLubzaECMigWYUqcEnIMKZdLrluGzsxCKFc5mNbebw+n1W72tdMLSRxQoQnHSrUdFGkvwVIzwunEzndiRSNMRnhA24YKHFDlJbOLJzBvlB7sh9KU0HCm2t8mEhwoNQ580xlgPVS/vVT8y2vHul/yEiaiWFNB5ov6MYc6hOn7sMckJZqPDcFEMnMsJEMsMdEmpDSFr1fh/6ThFpxi4aRm4jgHc2TAPjgCx8ABp6ACLkEV1AEBAbgDD+DRUta99WQ9z1sXrM+ZPfAD1ssH+uWTfQ==</latexit>

� = 2

Height
Again:
Tracy-Widom distribution!

N(t) : = total current through 0 until time t  = h(0,t) in growth picture



Testing universality of KPZ

Several exact solutions:

• Polynuclear growth model
• Asymmetric exclusion processes
• Replica approach to directed polymers (see below)

Amazing achievement:

Specific discrete models: off-equilibrium, random processes that have exact solutions!

Like Onsager solution for 2d Ising model – but off equilibrium and stochastic! 

All predict

Strong indication of universality. But: does it also hold for non-solvable systems?

• Height distribution  𝑃 - $,, 4,5!
,"/$

:  Tracy Widom distribution! 

• Two point correlation function  𝛿ℎ 𝑥, 𝑡 𝛿ℎ 𝑥′, 𝑡′ (explicit but complicated)



Calibrating KPZ parameters
In experiment (or numerics): Determine parameters A and λ :

<latexit sha1_base64="oOq7hwASWNEMPyyXXIjyiJG9YHg=">AAAB/XicdVDLSgMxFM34rONrtEs3wVJwVTJDqe1CqI+Fywr2AW0pmTTThmYyQ5IRylD8FFeCgrj1Q1z5N2baCip64MLhnHu59x4/5kxphD6sldW19Y3N3Ja9vbO7t+8cHLZUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07U8uM799R6VikbjV05j2QzwSLGAEayMNnPw5PIO9QGKSXs1SryeSGRw4BVRCBpUKzIhbRa4htVrV82rQnVsIFcASjYHz3htGJAmp0IRjpbouinU/xVIzwunMLvYSRWNMJnhEu4YKHFLVT+fXz2DRKEMYRNKU0HCu2t8mUhwqNQ190xliPVa/vUz8y+smOqj2UybiRFNBFouChEMdwSwKOGSSEs2nhmAimTkWkjE2UWgTmG1S+HoV/k9aXsmtlMo35UL9YplHDhyBY3ACXHAK6uAaNEATEDAFD+AJPFv31qP1Yr0uWles5Uwe/ID19gkQpJRV</latexit>

A =
D

2⌫ from measuring heights at constant time:



Calibrating KPZ parameters
In experiment (or numerics): Determine parameters A and λ :

<latexit sha1_base64="oOq7hwASWNEMPyyXXIjyiJG9YHg=">AAAB/XicdVDLSgMxFM34rONrtEs3wVJwVTJDqe1CqI+Fywr2AW0pmTTThmYyQ5IRylD8FFeCgrj1Q1z5N2baCip64MLhnHu59x4/5kxphD6sldW19Y3N3Ja9vbO7t+8cHLZUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07U8uM799R6VikbjV05j2QzwSLGAEayMNnPw5PIO9QGKSXs1SryeSGRw4BVRCBpUKzIhbRa4htVrV82rQnVsIFcASjYHz3htGJAmp0IRjpbouinU/xVIzwunMLvYSRWNMJnhEu4YKHFLVT+fXz2DRKEMYRNKU0HCu2t8mUhwqNQ190xliPVa/vUz8y+smOqj2UybiRFNBFouChEMdwSwKOGSSEs2nhmAimTkWkjE2UWgTmG1S+HoV/k9aXsmtlMo35UL9YplHDhyBY3ACXHAK6uAaNEATEDAFD+AJPFv31qP1Yr0uWles5Uwe/ID19gkQpJRV</latexit>

A =
D

2⌫

λ : via tilt symmetry<latexit sha1_base64="mnlSRVuYxk/giwmNSPeIqOyQjNE="></latexit>

hnew(x, t) = h(x+ �st, t) + s · x+
�

2
s2t

from measuring heights at constant time:



Calibrating KPZ parameters
In experiment (or numerics): Determine parameters A and λ :

<latexit sha1_base64="oOq7hwASWNEMPyyXXIjyiJG9YHg=">AAAB/XicdVDLSgMxFM34rONrtEs3wVJwVTJDqe1CqI+Fywr2AW0pmTTThmYyQ5IRylD8FFeCgrj1Q1z5N2baCip64MLhnHu59x4/5kxphD6sldW19Y3N3Ja9vbO7t+8cHLZUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07U8uM799R6VikbjV05j2QzwSLGAEayMNnPw5PIO9QGKSXs1SryeSGRw4BVRCBpUKzIhbRa4htVrV82rQnVsIFcASjYHz3htGJAmp0IRjpbouinU/xVIzwunMLvYSRWNMJnhEu4YKHFLVT+fXz2DRKEMYRNKU0HCu2t8mUhwqNQ190xliPVa/vUz8y+smOqj2UybiRFNBFouChEMdwSwKOGSSEs2nhmAimTkWkjE2UWgTmG1S+HoV/k9aXsmtlMo35UL9YplHDhyBY3ACXHAK6uAaNEATEDAFD+AJPFv31qP1Yr0uWles5Uwe/ID19gkQpJRV</latexit>

A =
D

2⌫

λ : via tilt symmetry<latexit sha1_base64="mnlSRVuYxk/giwmNSPeIqOyQjNE="></latexit>

hnew(x, t) = h(x+ �st, t) + s · x+
�

2
s2t

<latexit sha1_base64="Zr9AUStzSf/HWgBH1rR1+OljQD0="></latexit>

s = lim
t!1

⌧
@h

@x

� <latexit sha1_base64="GCszeHr6GUw1tZHszCoi2PhzUGg="></latexit>

v1 = v1(s) = lim
t!1

⌧
@h

@t

�

from measuring heights at constant time:



Calibrating KPZ parameters

Finding the appropriate dimensionless coordinates to compare universal feature?



Calibrating KPZ parameters
In experiment (or numerics): Determine parameters A and λ :

<latexit sha1_base64="oOq7hwASWNEMPyyXXIjyiJG9YHg=">AAAB/XicdVDLSgMxFM34rONrtEs3wVJwVTJDqe1CqI+Fywr2AW0pmTTThmYyQ5IRylD8FFeCgrj1Q1z5N2baCip64MLhnHu59x4/5kxphD6sldW19Y3N3Ja9vbO7t+8cHLZUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07U8uM799R6VikbjV05j2QzwSLGAEayMNnPw5PIO9QGKSXs1SryeSGRw4BVRCBpUKzIhbRa4htVrV82rQnVsIFcASjYHz3htGJAmp0IRjpbouinU/xVIzwunMLvYSRWNMJnhEu4YKHFLVT+fXz2DRKEMYRNKU0HCu2t8mUhwqNQ190xliPVa/vUz8y+smOqj2UybiRFNBFouChEMdwSwKOGSSEs2nhmAimTkWkjE2UWgTmG1S+HoV/k9aXsmtlMo35UL9YplHDhyBY3ACXHAK6uAaNEATEDAFD+AJPFv31qP1Yr0uWles5Uwe/ID19gkQpJRV</latexit>

A =
D

2⌫

λ : via tilt symmetry<latexit sha1_base64="mnlSRVuYxk/giwmNSPeIqOyQjNE="></latexit>

hnew(x, t) = h(x+ �st, t) + s · x+
�

2
s2t

<latexit sha1_base64="Zr9AUStzSf/HWgBH1rR1+OljQD0="></latexit>

s = lim
t!1

⌧
@h

@x

� <latexit sha1_base64="GCszeHr6GUw1tZHszCoi2PhzUGg="></latexit>

v1 = v1(s) = lim
t!1

⌧
@h

@t

�

<latexit sha1_base64="XCbVBI39N+iWA6EY3tQrSf5+vJ8="></latexit>

� =
d2v1(s)

ds2

����
s=0

from measuring heights at constant time:



Calibrating KPZ parameters
Make x and h dimensionless using A, 𝜆, t



Calibrating KPZ parameters

Define 

Crossover spatial scale at time t: 𝜉 𝑡 = 2 Γ𝑡 6/8/𝐴

Rescaled space coordinate

Rescaled height fluctuation

Measure statistics of 𝜒

Make x and h dimensionless using A, 𝜆, t



Tracy-Widom distribution of height

K. A. Takeuchi, M. Sano 
(J. Stat. Phys. 2012)

Create interface by laser excitation of the darker phase
either 
• in a spot → circular surface
• or along a line → flat surface



Tracy-Widom distribution of height

K. A. Takeuchi, M. Sano 
(J. Stat. Phys. 2012)



Tracy-Widom distribution of height

K. A. Takeuchi, M. Sano 
(J. Stat. Phys. 2012)

Mirror symmetry
of flat surface

Time reversal 
symmetry of 

random matrix GOE 



The directed polymer
A toy glass problem!

An instructive example for the crux of random partition functions

Very interesting 
fractal-like structure of 
configuration space: Interesting questions?

- How does this picture 
change as we 
• change disorder 
• apply some force
- How hard is it to pull the 
polymer along the base 
line?

Minima of polymers from apex 
to a chosen base line point



Sums over paths
appear in many circumstances:

• directed polymer (elastic line in disorder potential)
As model for: 
• Domain wall between two ferromagnetic domains
• Vortices in supercnductors

• High T expansion, e.g. of a random ferromagnetic Ising model: 
spin-spin correlator = sum over bonds connecting two points 

• Decay of strongly localized quantum wavefunctions 
(path amplitudes can be negative/complex) 

• Light propagation through heterogeneous (turbulent) medium (unitary) 



Directed paths
Often, one can neglect overhangs of interfaces, at least at a coarse-grained level  

Propagation
direction

Directed path,
“only going forward”



Directed paths
e.g. directed polymer on a lattice:

(no elastic cost since all paths are equally long)

<latexit sha1_base64="XxGpJvFeTqshXtYSVSPYjl6kFuU="></latexit>

Z(X, t) =
X

⇡: x(0)=0!x(t)=X

e��
P

0<t0t V (x(t0))



Directed paths
e.g. directed polymer on a lattice:

(no elastic cost since all paths are equally long)

Convenient for numerical study:
Simple, fast recursion relation
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Directed paths
e.g. directed polymer on a lattice:

(no elastic cost since all paths are equally long)

Convenient for numerical study:
Simple, fast recursion relation
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T = 0 limit looks like in TASEP:
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Directed paths
e.g. directed polymer on a lattice:

(no elastic cost since all paths are equally long)

Convenient for numerical study:
Simple, fast recursion relation
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Z(X, t) = e��V (X) [Z(X � 1, t� 1) + Z(X + 1, t� 1)]

Z(X, 0) = �X,0

No disorder: simple 1d random walk!



Directed paths
e.g. directed polymer on a lattice:

(no elastic cost since all paths are equally long)

Convenient for numerical study:
Simple, fast recursion relation
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Z(X, t) = e��V (X) [Z(X � 1, t� 1) + Z(X + 1, t� 1)]

Z(X, 0) = �X,0

With disorder: Solve for Z in only time O(t2):  not exponential in t! 
→ Computationally easy, not NP–hard → yet: properties of glasses arise!



Directed paths
e.g. directed polymer on a lattice:

(no elastic cost since all paths are equally long)

Convenient for numerical study:
Simple, fast recursion relation
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Z(X, t) = e��V (X) [Z(X � 1, t� 1) + Z(X + 1, t� 1)]

Z(X, 0) = �X,0

With disorder: Solve for Z in only time O(t2):  not exponential in t! 
→ Computationally easy, not NP–hard → yet: properties of glasses arise!

What can we do analytically?



Sums over paths: effect of disorder
Simplest case: 1d path of length N – a single term in the sum, with independent Vi.

The simple answer illustrates the difficulties arising from disorder:

What can we say about the distribution of Z, or the free energy p(F)? 
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The replica trick
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Idea: compute 
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Zn for n 2 N n copies or “replica”

Why? Integer powers of Z can be averaged easily and give a non-disordered
system – but now of n copies.

m’th cumulant
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Cumulants 
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Connected correlators or cumulants <xn>c of a random variable:
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hx3i = hx3ic + 3hx2ichxic + hxi3c

The full correlator is the sum over partitions 
of the product of connected correlators
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Connected correlators or cumulants <xn>c of a random variable:
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hxic = hxi
hx2ic = hx2i � hxi2

hx3ic = hx3i � 3hx2ihxi+ 2hxi3
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The full correlator is the sum over partitions 
of the product of connected correlators

Connected correlator = full correlator 
minus all connected components



Cumulants - Gaussians 
Important case: Gaussian random variables

Gaussians have only first 
and second cumulants!
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Cumulants - Gaussians 
Important case: Gaussian random variables – multidimensional Gaussian
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Only cumulants are: means <xn> 
and Gaussian covariance matrix
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The replica trick
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The replica trick
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Central limit theorem for F ??  (F Gaussian ↔ Z log-normal)
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The replica trick
<latexit sha1_base64="jVCVFXQQ4Fa/c7FNj3NDOfbTLZQ="></latexit>

Z =
NY

i=1

e��Vi

<latexit sha1_base64="KtC7wtS8lURPoztgrtvB2i/nABk="></latexit>
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Central limit theorem for F ??  (F Gaussian ↔ Z log-normal)

If F were simply Gaussian,  higher than second cumulants (m>2) would be absent!
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The replica trick
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Central limit theorem for F ??  (F Gaussian ↔ Z log-normal)

If F were simply Gaussian,  higher than second cumulants (m>2) would be absent!

• Indeed: good approximation for small moments n! (senses bulk of P(Z)) 
• But: large moments Zn are dominated by (non-universal) tails of P(Z)

(↔ rare disorder configurations!)
• These tails and the too rapid growth (faster than n!) of high moments Zn  make the 

inference of  P(Z) from its integer moments impossible (solution is not unique)
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The replica trick
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Up to which n is the “log normal”  approximation good?
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The replica trick
<latexit sha1_base64="jVCVFXQQ4Fa/c7FNj3NDOfbTLZQ="></latexit>

Z =
NY

i=1

e��Vi

<latexit sha1_base64="KtC7wtS8lURPoztgrtvB2i/nABk="></latexit>

F = � ln(Z)

�
=

NX

i=1

Vi

Up to which n is the “log normal”  approximation good?
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The replica trick
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Higher cumulants can be neglected. 

BUT: always breaks down, even for n=1, for 
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The replica trick
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Up to which n is the “log normal”  approximation good?
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Need a way to extrapolate moments to small n → 0 !
Ideally: Disorder-average the (typical) free energy, 
not the partition function, which is dominated by rare disorder! 

<latexit sha1_base64="bBafU56i+Wh9Iy0ZRYzWsQo2Gks="></latexit>

F = lim
n!0

Zn � 1

n



Self-averaging
Note:

In contrast to Z, the free energy F is expected to be self-averaging:

For a large system, F is essentially a sum of many mutually independent 
subvolumes, each of which contains its own disorder realization. The total free 
energy of a thermodynamically large system (𝑁, 𝑉 → ∞) thus automatically 
averages over disorder realizations, and one expects
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Self-averaging
Note:

In contrast to Z, the free energy F is expected to be self-averaging:

For a large system, F is essentially a sum of many mutually independent 
subvolumes, each of which contains its own disorder realization. The total free 
energy of a thermodynamically large system (𝑁, 𝑉 → ∞) thus automatically 
averages over disorder realizations, and one expects

The derivatives wrt thermodynamic variables then yield global thermodynamic 
responses (specific heat, susceptibilities, etc).
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Self-averaging
Note:

In contrast to Z, the free energy F is expected to be self-averaging:

For a large system, F is essentially a sum of many mutually independent 
subvolumes, each of which contains its own disorder realization. The total free 
energy of a thermodynamically large system (𝑁, 𝑉 → ∞) thus automatically 
averages over disorder realizations, and one expects

The derivatives wrt thermodynamic variables then yield global thermodynamic 
responses (specific heat, susceptibilities, etc).

Difficulty: B𝐹 is hard to compute. - But often one already gains insight by studying the 
integer cumulants of Z and try to extrapolate to small n.  - Now apply to the DPRM!

<latexit sha1_base64="bBafU56i+Wh9Iy0ZRYzWsQo2Gks="></latexit>

F = lim
n!0

Zn � 1

n

<latexit sha1_base64="Zxa9ZSmfhrouJeO6iBF7LeQZ6cQ="></latexit>

F/N
N!1! F/N



Directed polymers: continuum
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Directed polymers: continuum
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V (x, t) = 0

V (x, t)V (x0, t0) = K(x� x0)�(t� t0)

with Gaussian disorder:

Spatial correlations are usually of finite range ξ
due to the physical extent (thickness) of the line 
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Covariance:



Directed polymers: continuum
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V (x, t) = 0

V (x, t)V (x0, t0) = K(x� x0)�(t� t0)

with Gaussian disorder:

Study fluctuations 
by looking at 
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Directed polymers: continuum
Back to a Schrödinger-like equation:
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Directed polymers: continuum

Attractive two-body potential!Attractive two-body potential!
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Irrelevant constant 
energy per polymer

Back to a Schrödinger-like equation:



Directed polymers: continuum

Attractive two-body potential!Attractive two-body potential!

Disorder has disappeared. BUT: a given polymer still feels where the low disorder potentials 
were: It is where one preferentially finds other polymer copies! 
The disorder average indeed produces an attraction between replica.
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Directed polymers: continuum
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“Solution”:

Back to a Schrödinger-like equation:



Directed polymers: continuum
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Back to a Schrödinger-like equation:

“Solution”:



Directed polymers: continuum
Long propagation: Ground state of the n-polymer problem? 
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→ Lieb-Liniger repulsive 1d Bose gas   (as probed in cold atoms!). 

• Solvable exactly by Bethe ansatz (full eigenstate spectrum)

Consider short range correlations, 𝐾(𝑥) → 𝑔𝛿 𝑥
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→ Lieb-Liniger repulsive 1d Bose gas   (as probed in cold atoms!). 

• Solvable exactly by Bethe ansatz (full eigenstate spectrum)
• Ground state: single bound state of all n particles (Bethe ansatz string) with wavefunction

Consider short range correlations, 𝐾(𝑥) → 𝑔𝛿 𝑥
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Directed polymers: continuum

Scaling analysis of a bound state of n particles, of size R :
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Directed polymers: continuum

Scaling analysis of a bound state of n particles, of size R :
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• Rationalizes the n3 scaling
• Breakdown of delta function approximation for n > n* ~ 1/gξ
• Beyond: non-universal behavior depending on extreme values of local potential      
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Directed polymers: continuum

How to infer something about p(Z) from the moments at n< n*?



Directed polymers: continuum
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Directed polymers: continuum
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Naively seems to suggest that 
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Directed polymers: continuum
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These limits do not commute!



Directed polymers: continuum
<latexit sha1_base64="fuln4T7xVzeRuvAxSyehCP1HWZ0="></latexit>

Zn(X, t) / exp(Cnt+
g2

24
t(n3 � n))

?
= exp

"
X

k

nk

k!
(��F )k

c

#

Naively seems to suggest that 
<latexit sha1_base64="HVaUYnkMX3Rgnljll4eTRK404oQ="></latexit>

(��F )3
c
⇠ t

<latexit sha1_base64="zNfwxO8VXlUQDhSOIxQzSAYywJA=">AAAB/3icdVDLSgNBEJyNrxhfUfHkZTAEPMXdGGJyCwriMYJ5QLKG2dlJMmR2dpnpFcKSg5/iSVAQr36HJ//GyUNQ0YKGoqqb7i4vElyDbX9YqaXlldW19HpmY3Nreye7u9fUYawoa9BQhKrtEc0El6wBHARrR4qRwBOs5Y0upn7rjinNQ3kD44i5ARlI3ueUgJF62YOuzwQQfIm7mgcYbhPn5HTSy+bsgm1QLuMpcSq2Y0i1WikWq9iZWbadQwvUe9n3rh/SOGASqCBadxw7AjchCjgVbJLJd2PNIkJHZMA6hkoSMO0ms/snOG8UH/dDZUoCnqmZbxMJCbQeB57pDAgM9W9vKv7ldWLoV9yEyygGJul8UT8WGEI8DQP7XDEKYmwIoYqbYzEdEkUomMgyJoWvV/H/pFksOOVC6bqUq50v8kijQ3SEjpGDzlANXaE6aiCKEvSAntCzdW89Wi/W67w1ZS1m9tEPWG+fTTiU/A==</latexit>

�F ⇠ t1/3

But also, that 

Which cannot be! 

<latexit sha1_base64="LEokWxquqH3+1syjqBIDSAelfqg="></latexit>

(��F )2
c
= 0

Assume that the singular part of ln(Zn) as t → ∞, 
n → 0 are given by a scaling function 𝜑 𝑛𝑡9
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Directed polymers: continuum
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• Replica approach yields independently the KPZ/DPRM energy exponent                  !

• A full Bethe ansatz computation of

with appropriate analytic continuation to n = 0 has been achieved (Calabrese+Le Doussal)

Again: free energy fluctuations are governed by Tracy Widom distribution

(GUE for point to point DPRM; GOE for line to point)  

• Beyond the above, the replica approach allows to analyze finite range correlators, T effects etc. 
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Exercises
Replica approach to DPRM

• Check the ground state wavefunction of the n-polymer problem and compute its 
energy. 

• Consider D=2 transverse directions instead of 1. Do you expect a bound state?
Repeat the scaling analysis for this case. Does it allow to conclude anything  
about the scaling of energy with n and thus for the energy exponent 𝜃?



Exercises
Directed polymer on a Cayley tree

• Consider a Cayley tree with branching number k

k=3

• A polymer goes from any leaf (bottom to the top), its energy being the sum of site 
energies Ei encountered along the path, 𝐸 = ∑(∈+#,-𝐸(

• Derive a recursion equation for the partition function (at finite T), as you progress from 
the leaves towards the root. 

• Derive a recursion for the zero temperature limit (minimal energy configuration)!



Exercises

• At generation t from the leaves define the partition function Z(t) and the quantity

• Show that the above recursion implies that 

This can be shown to have travelling wave solution of the form w(x -ct). 
Determining c amounts to computing the free energy density.
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